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Abstract. Recent advances in the field of strongly correlated electron systems allow to access the
entanglement properties of interacting fermionic models, by means of Monte Carlo simulations. We briefly
review the techniques used in this context to determine the entanglement entropies and correlations of the
entanglement Hamiltonian. We further apply these methods to compute the spin two-point function of
entanglement Hamiltonian for a stripe embedded into a correlated topological insulator. Further we discuss
a recent method that allows an unbiased, numerically exact, direct determination of the entanglement
Hamiltonian by means of auxiliary field quantum Monte Carlo simulations.
1. Introduction
In recent years, a growing number of studies have focused on the quantum entanglement in many-
body systems. Its characterization has provided a variety of new insights in old and new problems,
complementing the information obtained by more traditional approaches [1]. In this context, quantum
entanglement also plays an important role in Density-Matrix Renormalization Group (DMRG) studies,
as it essentially gives a limitation to the various algorithms [2]. The simplest setup to investigate
entanglement is the so-called bipartite entanglement, where one divides a system into two parts,
conventionally indicated by A and B. By tracing out the degrees of freedom of B, one obtains the
reduced density matrix ρˆA of the remaining subsystem A. In this framework, the most studied quantities
are the von Neumann entropy SvN and especially the Renyi entropies S
(n)
R , defined as
SvN ≡ −TrA{ρˆA ln ρˆA}, (1)
S
(n)
R ≡
1
1− n lnTrA{ρˆ
n
A}, (2)
where n > 1 is an integer. In the ground state, entanglement entropies generically satisfy an area law,
i.e., they are to the leading order proportional to the area between the two subsystems [3]. Especially of
interest are corrections to the area law, which can in principle reveal topological properties [4–6] (see,
however, Ref. [7]), signal the presence of Goldstone modes [8], and, most notably, allow to extract the
central charge of models described by a 1+1 dimensional Conformal Field Theory (CFT) [9, 10].
Additional information is contained in the entanglement (or modular) Hamiltonian HˆE , defined by1
ρˆA ≡ e−HˆE . (3)
1 Strictly speaking, Eq. (3) defines the modular Hamiltonian, which equals the entanglement Hamiltonian only in the ground
state. Here, in agreement with recent literature, we shall make no distinction and always use the term entanglement Hamiltonian.
ar
X
iv
:1
81
0.
06
59
5v
2 
 [c
on
d-
ma
t.s
tat
-m
ec
h]
  1
1 A
pr
 20
19
The notion of entanglement Hamiltonian is of great interest for several reasons. The spectrum of
HˆE , known as “entanglement spectrum”, has been shown to display the edge physics of topologically
ordered fractional Quantum Hall state [11], and of symmetry-protected topological states [12–15]. The
entanglement Hamiltonian plays a central role in the so-called first law of entanglement [16]. Moreover,
an explicit determination of HˆE opens the possibility of studying the entanglement using statistical
mechanics tools, so as, for instance, to possibly characterize the reduced density matrix as a thermal state.
Furthermore, an explicitly known entanglement Hamiltonian could be engineered so as to provide a direct
experimental measure of entanglement in many-body systems, an otherwise very difficult task [17]. We
also notice that almost all entanglement measures can be obtained from the entanglement Hamiltonian.
For example, the expectation value of HˆE equals the von Neumann entanglement entropy SvN, which is
generically not accessible in numerical Monte Carlo (MC) simulations; in contrast, SvN can be computed
by methods which access to the ground state wave function, such as DMRG or Exact Diagonalization.
Compared to the entanglement entropies, much less results are known for the entanglement
Hamiltonian. Its explicit determination has proven to be a considerably more difficult problem, where
only a few solvable results are available. Besides easily solvable limiting cases, such as in the absence of
interactions between the two subsystems, or the high-temperature limit, a particularly important case is
that of a relativistic field theory with Hamiltonian density Hˆ(x) in flat d−dimensional Minkowski space.
The entanglement Hamiltonian for a semi-infinite subspaceA = {(x1, . . . , xd) ∈ Rd, x1 > 0} is [18,19]
HˆE = 2pi
∫
A
ddx
(
x1Hˆ(x)
)
+ c, (4)
where c is a constant. The right-hand side of Eq. (4) is known as Bisognano-Wichmann (BW) form
of the entanglement Hamiltonian, or Rindler Hamiltonian [20]. With additional conformal symmetry, a
mapping of A to a ball allows again to express HˆE as an integral of Hˆ(x) [21]. Ref. [22] reviews the
cases in 1+1 dimensional CFT, where HˆE can be expressed as an integral. On the lattice, a few cases are
exactly known. For a noncritical one-dimensional transverse-field Ising model, and for the XXZ model
in the massive phase, the entanglement Hamiltonian for a semi-infinite line subsystem has been exactly
determined [23, 24]. For a free (nonrelativistic) fermionic system the entanglement Hamiltonian is [25]
HˆE = ln
[(
GTA
)−1 − 1]− ln det(1−GA), (GA)ij ≡ 〈cˆ†i cˆj〉, (5)
where cˆ†i , cˆj are the fermionic creation and annihilation operators in the subsystem A, and GA is the
Green’s function matrix of the model, restricted to A. Despite the exact result of Eq. (5), an explicit
computation of the entanglement Hamiltonian in the deceptively simple case of a free fermionic chain,
and for a subsystem consisting in a segment, has eluded an analytical treatment so far. In this case, even
a numerical computation of Eq. (5) is technically hard, because GA is plagued by eigenvalues close to 0
and 1, rendering the formula of Eq. (5) numerically unstable. The lattice models mentioned so far share
a common property of being described by a CFT in the low-energy limit. Thus, one may conjecture
that the corresponding entanglement Hamiltonian attains the BW form, up to a lattice discretization.
Indeed, this is the case for the aforementioned exact results. Nevertheless, for a free fermionic chain,
the entanglement Hamiltonian for a segment displays intriguing corrections to the BW form which,
remarkably, persist even in the limit of a long segment [26]. Recent studies have provided further
numerical evidence in support of a lattice-discretized BW form of the entanglement Hamiltonian for
various one- and two-dimensional lattice models [17, 27–30]. In Ref. [31] we have introduced a method
which allows a numerically exact determination of the entanglement Hamiltonian for generic interacting
fermionic models, exploiting the auxiliary field Quantum Monte Carlo (QMC) method [32–34].
In this paper we focus on the QMC studies of entanglement in interacting fermionic models. In Sec. 2
we review the techniques used to compute the Renyi entropies. In Sec. 3 we present some results for the
correlations of the entanglement Hamiltonian in a correlated topological insulator. In Sec. 4 we briefly
discuss the method introduced in Ref. [31] to explicitly determine the entanglement Hamiltonian. We
conclude in Sec. 5 with an outlook to future research topics.
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Figure 1. Illustration of the replica trick for n = 3.
The effective time-dependent Hamiltonian vanishes
in the white regions.
2. Entanglement entropies
The auxiliary field QMC method is a widely used MC method for fermionic models [32–34]. It can be
conveniently programmed using the ALF package [35]. Its formulation relies in a Trotter decomposition,
followed by a Hubbard-Stratonovich (HS) transformation, which decouples the interactions via HS fields
{s}. The MC consists then in a stochastic sampling of the resulting probability distribution P ({s}) of
the HS fields. At each {s} configuration the system corresponds to a free fermionic model, hence by
using Eq. (5) one obtains an expression for the reduced density matrix ρˆA [36]
ρˆA =
∫
d{s}P ({s}) det (1−GA({s})) e−cˆ
†
ihij({s})cˆj , h({s}) = ln ((GA({s})T )−1 − 1) , (6)
where now the restricted Green’s function matrix GA({s}) explicitly depends on the HS fields
configuration. To compute the nth Renyi entropy, one introduces n parallel simulations with HS fields
{si}. Using Eq. (2), S(n)R is obtained by sampling an observable depending on all {si}:
e−(n−1)S
(n)
R =
∫ n∏
i=1
d{si}P ({si})
[
n∏
i=1
det (1−GA({si}))
]
det
(
1 +
n∏
i=1
GA({si})
1−GA({si})
)
. (7)
Using Eq. (7), Renyi entropies have been computed in Refs. [14, 36–38]. While this approach is simple
compared to other methods, it suffers from two main issues. The first one is that the sampled observable
appears to be affected by considerably large fluctuations, increasing with the interaction strength, such
that S(n)R is easily computed in the weak-coupling regime only [14,37]. A solution to this issue, obtained
within the framework of the Hybrid QMC, where also Eq. (6) holds, consists in reformulating Eq. (7)
as an integral over an auxiliary parameter of an observable sampled with a modified measure [37, 38].
The replica method discussed below provides another solution to the problem. The second issue in using
Eq. (7) is due to the fact that, in sampling the ground state,GA({si}) shows eigenvalues close to 1, giving
a singularity on the right-hand side of Eq. (7) for n > 2. (For n = 2 Eq. (7) can be easily simplified,
avoiding the singularity [36].) The singularity can be avoided by introducing a thermal broadening, as we
discuss in Ref. [14], or by recasting the right-hand side of Eq. (7) as a determinant of a bigger matrix [38].
An alternative, more general, framework to study the entanglement is the so-called replica trick. It has
been used in fermionic [15,39–41], bosonic [6], spin systems [42,43], and it is also a starting point for a
field-theory approach [9, 10]. This method consists in a representation of ρˆnA = exp(−nHˆE), obtained
by introducing n replicas of the subsystem B, enlarging the original Hilbert space H = HA ⊗ HB to
HR = HA ⊗ HB(1) ⊗ . . . ⊗ HB(n) . In HR one defines a time-dependent Hamiltonian, such that the
subsystem A evolves in the imaginary-time interval [0, nβ], whereas each replica evolves in an interval
[iβ, (i+1)β]. An illustration of the replica trick for n = 3 is shown in Fig. 1. The replica trick, combined
with the swap algorithm [43], allows to compute the Renyi entropies in fermionic models, avoiding the
aforementioned sampling issues [39], but with an increased computational cost ∝ n3. As we discuss in
Ref. [15], the approach based on Eq. (7) and the replica trick are formally equivalent.
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Figure 2. Semilogarithmic plot of the
spin-spin correlations of the entanglement
Hamiltonian in the middle of a stripe.
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Figure 3. Same as Fig. 2 for spin-spin
correlations along the edge of the stripe.
3. Correlations of the Entanglement Hamiltonian
By sampling a Gibbs measure ∼ exp(−nHˆE), the replica trick allows to compute the correlations of the
entanglement Hamiltonian at an effective integer inverse temperature n. It is important to note that the
entanglement Hamiltonian also depends implicitly on the physical inverse temperature β. (See Eq. (3)).
We apply this technique to the Kane-Mele-Hubbard model, a paradigmatic model to study the interplay
of topology and correlations [44–52]. The model is defined on a honeycomb lattice, with Hamiltonian
Hˆ = −t
∑
〈i j〉,σ
cˆ†i,σcˆj,σ + iλ
∑
〈〈i j〉〉
cˆ†i (~νij · ~σ)cˆj + U
∑
i
(
nˆi,↑ − 1
2
)(
nˆi,↓ − 1
2
)
, (8)
with cˆ†i ≡ (cˆ†i,↑, cˆ†i,↓), cˆi ≡ (cˆi,↑, cˆi,↓) the creation and annihilation operator vectors for nonrelativistic
spinful fermions, nˆi,σ ≡ cˆ†i,σcˆi,σ the number operator, and ~σ the vector of Pauli matrices. In Eq. (8)
the first term represents hoppings between nearest-neighbor sites, the second term couples next-nearest-
neighbors sites and represents the spin-orbit interaction, and the third term is a on-site Hubbard repulsion.
The unit vectors ~νij take values ~νij = ±~ez depending on the sublattice, spin, and direction of hoppings;
see, e.g., Ref. [52] for a definition. At half-filling the Kane-Mele-Hubbard Hamiltonian can be simulated
using the auxiliary field QMC without encountering the sign problem. For λ = 0 the model reduces to
the Hubbard model and exhibits a quantum phase transition in the ground state at U/t = 3.80(1) [52] in
the Gross-Neveu-Heisenberg universality class [52–55]. For λ > 0 the model shows a quantum phase
transition in the classical 3D XY universality class, between a quantum spin-Hall insulator phase at small
values of U/t and an antiferromagnetic insulating phase at large values of U/t [47, 48, 52, 56].
We consider the model in the ground state for U/t = 4 and λ/t = 0.2, in the quantum spin-Hall
phase, and compute the spin-spin correlations of the entanglement Hamiltonian for a stripe of width
WA = 3, translationally invariant in one direction, cut inside a finite 9×18 lattice with periodic boundary
conditions. In Fig. 2 and Fig. 3 we show the results for the spin-spin correlations in the middle of
the stripe, and along its edge, for various values of the replica index n. For n = 1 by definition the
correlations of HˆE are identical to those of Hˆ , and show the expected exponential decay of the gapped
spin-Hall insulating phase. Upon increasing n the correlations in the middle do not change qualitatively,
whereas those on the edge of the strip display a slower decay. For n = 8 we approach the ground state
properties of the entanglement Hamiltonian: while the correlations in the middle of the strip are still
exponentially decaying, those on the edge support a power-law decay, analogous to the gapless modes
found at the physical edge of a correlated quantum spin-Hall insulator [46]. A similar correspondence is
found by studying the imaginary-time displaced Green’s function of the entanglement Hamiltonian [15].
Time-displaced correlation functions of the entanglement Hamiltonian can be also used to compute the
low-lying entanglement spectrum [14, 15].
4. Determination of the Entanglement Hamiltonian
Eq. (6) is the starting point for a method that we have introduced in Ref. [31] to explicitly determine
the entanglement Hamiltonian for interacting fermionic models, within the framework of auxiliary field
QMC simulations. We briefly describe here the main ideas of the method. The exponential appearing on
the right-hand side of Eq. (6) admits an exact expansion in terms of normal-ordered many-body operators,
whose coefficients can be sampled using the auxiliary field QMC, obtaining a MC determination of the
reduced density matrix ρˆA. We then compute the negative logarithm of the sampled ρˆA, and express
it in terms of fermionic creation and annihilation operators. This results in an unbiased, numerically
exact determination of the entanglement Hamiltonian, as a sum of normal-ordered operators. We refer to
Ref. [31] for more details on the method.
We have applied the technique to the Hubbard chain model, obtaining the one-body term of HˆE for a
segment of length L = 8 embedded in a chain of size L = 32, and at inverse temperatures 1 ≤ β/t ≤ 3.
The resulting nearest-neighbor hopping terms in HˆE qualitatively resemble the BW form, while other
hopping terms are negligible. In Ref. [31] we have also determined the entanglement Hamiltonian for a
two-legs Hubbard chain. This model exhibits a single gapped phase [57,58], ensuring a fast approach to
the thermodynamic limit in the linear size [59,60]. The entanglement Hamiltonian for a single leg shows
an interesting temperature dependence. At high temperatures HˆE matches a Hubbard Hamiltonian, in
line with general arguments. Upon lowering the temperature HˆE exhibits a crossover to a Heisenberg-
like Hamiltonian, characterized by a large U/t ratio, and the emergence of additional nearest-neighbors
antiferromagnetic and next-nearest-neighbors ferromagnetic spin-spin interactions. This result resembles
what is found in the two-legs antiferromagnetic Heisenberg model upon tracing out one leg [61–65].
5. Outlook
Recent progresses in the entanglement studies of correlated fermionic systems form a basis for promising
future research. The established techniques for entropies can be used to compute other entanglement
measures, such as the mutual information. At the same time, investigations of the entanglement
Hamiltonian via its correlations, together with its explicit determination, can foster a fruitful exchange
with statistical mechanics and field theory approaches, enabling a deeper understanding of correlated
many-body systems.
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